Lonely Runner Polyhedra by Beck, Matthias et al.
LONELY RUNNER POLYHEDRA
MATTHIAS BECK, SERKAN HOS¸TEN, AND MATTHIAS SCHYMURA
ABSTRACT. We study the Lonely Runner Conjecture, conceived by Jo¨rg M. Wills in the 1960’s: Given positive
integers n1,n2, . . . ,nk, there exists a positive real number t such that for all 1 ≤ j ≤ k the distance of t n j to
the nearest integer is at least 1k+1 . Continuing a view-obstruction approach by Cusick and recent work by
Henze and Malikiosis, our goal is to promote a polyhedral ansatz to the Lonely Runner Conjecture. Our results
include geometric proofs of some folklore results that are only implicit in the existing literature, a new family
of affirmative instances defined by the parities of the speeds, and geometrically motivated conjectures whose
resolution would shed further light on the Lonely Runner Conjecture.
1. INTRODUCTION
We study the following conjecture raised by Jo¨rg M. Wills in the 1960’s [20].
Lonely Runner Conjecture. Given pairwise distinct integers n0,n1, . . . ,nk, for each 0≤ i≤ k there exists a
real number t such that for all 0≤ j ≤ k, i 6= j, the distance of t (ni−n j) to the nearest integer is at least 1k+1 .
Wills originally formulated this conjecture for real numbers n0,n1, . . . ,nk, but it can be relaxed to the
rational and thus integral case [5, 15]. The lower bound 1k+1 is best possible, as the case n j = j for 0≤ j ≤ k
and a classic result of Dirichlet on Diophantine approximation (see, e.g., [6]) show. The name Lonely Runner
Conjecture, introduced by Goddyn in [4], stems from the charming model of k+1 runners going at different
constant speeds around a circular track of length 1 (having started at the same place and time); the conjecture
says that each of them will at some point have distance at least 1k+1 to the other runners. For more on
the Lonely Runner Conjecture’s history, proofs for k ≤ 6, and connections to Diophantine approximation,
view-obstruction problems, and graph theory, see [1, 3, 5, 8, 9, 17, 19].
A simple observation leads to a more convenient formulation of the problem: The distance of any two
runners at any given time depends only on their relative speeds. So we may pick a fixed runner, say the one
with speed n0, reduce the speed of every runner by n0 and consider only the loneliness of the first runner that
is now stagnant.
Lonely Runner Conjecture. Given pairwise distinct positive integers n1,n2, . . . ,nk, there exists a real
number t such that for all 1≤ j ≤ k the distance of t n j to the nearest integer is at least 1k+1 .
A speed vector n ∈ Zk>0 that satisfies the Lonely Runner Conjecture is called a lonely runner instance.
Our goal is to derive novel families of lonely runner instances, using a polyhedral-geometric model. In the
next section, we introduce this model by defining the lonely runner polyhedron P(n). It turns out to be
closely related to the zonotopes that where constructed in [15]. We illustrate the utility of a polyhedral ansatz
in Section 3 by providing geometric proofs of some folklore results that are only implicit in the existing
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literature, and by obtaining a new family of lonely runner instances in Theorem 5 defined by the parities of
the speeds. In Sections 4 and 5, we use suitable projections and cross sections of the lonely runner polyhedron
to obtain families of lonely runner instances that are independent of the fastest runner (Theorems 7 and 8).
We close in Section 6 by discussing geometrically motivated conjectures whose resolution would shed further
light on the Lonely Runner Conjecture.
2. A POLYHEDRAL MODEL FOR LONELY RUNNERS
Our starting point is a view-obstruction problem due to Cusick [8] which, based on the second formulation
above, is easily seen to be equivalent to the Lonely Runner Conjecture. It states that for every n ∈ Zk>0, the
line Rn in direction n and passing through the origin, intersects the k-dimensional cube
C (m) := m+
[ 1
k+1 ,
k
k+1
]k
=
{
x ∈ Rk : m j + 1k+1 ≤ x j ≤ m j + kk+1 for 1≤ j ≤ k
}
for some m ∈ Zk≥0. Equivalently, the point n belongs to the nonnegative spanK (m) of C (m).
The setK (m) is a polyhedral cone, that is, a set of the form {∑nj=1λ jw j : λ j ≥ 0} for some w1, . . . ,wn ∈
Rk. In our case,K (m) is spanned by all vectors of the form
(k+1)m + a vector consisting of k’s and 1’s,(1)
but not all of these are extreme rays. From basic notions of polyhedral geometry (see, e.g., [21]) one obtains
K (m) =
{
x ∈ Rk : ((k+1)mi+1)x j ≤ ((k+1)m j + k)xi for 1≤ i, j ≤ k}
=
{
x ∈ Rk : (k+1)m j +1
(k+1)mi+ k
≤ x j
xi
≤ (k+1)m j + k
(k+1)mi+1
for 1≤ i< j ≤ k
}
(2)
=
{
x ∈ Rk : 1
(k+1)x j
− k
(k+1)xi
≤ mi
xi
− m j
x j
≤ k
(k+1)x j
− 1
(k+1)xi
for 1≤ i< j ≤ k
}
.(3)
The last formulation motivates the definition of the polyhedron
P(n) :=
{
x ∈ Rk : 1
(k+1)n j
− k
(k+1)ni
≤ xi
ni
− x j
n j
≤ k
(k+1)n j
− 1
(k+1)ni
for 1≤ i< j ≤ k
}
=
{
x ∈ Rk : ni− k n j
k+1
≤ n j xi−ni x j ≤ k ni−n jk+1 for 1≤ i< j ≤ k
}
.(4)
By construction, the polyhedron P(n) consists of all points m ∈ Rk such that n ∈K (m). Based on the
description (1) of the generators ofK (m), we get the equivalences
n ∈K (m) ⇐⇒ ∃ rv ≥ 0 such that n= ∑
v∈{1,k}k
rv ((k+1)m+v)
⇐⇒ ∃ rv ≥ 0 such that m= 1
(k+1) ∑v rv
n − 1
(k+1) ∑v rv
∑
v
rv v
⇐⇒ m ∈ Rn− 1
k+1
conv
{
v : v ∈ {1,k}k
}
⇐⇒ m ∈ Rn− [ 1k+1 , kk+1]k .
This gives the convenient and useful description
P(n) = Rn− [ 1k+1 , kk+1]k .(5)
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It also shows that the lonely runner polyhedron P(n) is closely connected to the zonotopes constructed
in [15, Section 2.3]. In fact, up to a linear transformation that maps the projected lattice Zk | n⊥ to Zk−1, the
zonotopes in [15] are of the form
Z (n) =
[ 1
k+1 ,
k
k+1
]k ∣∣∣ n⊥.
Therefore,
P(n) | n⊥ = P(n)∩n⊥ = −Z (n), or equivalently P(n) = −Z (n)+Rn.
Summarizing the previous observations, we can reformulate the Lonely Runner Conjecture geometrically.
The equivalence (a)⇐⇒ (c) was derived already by Chen [7, Lemma 1], yet not in a polyhedral context.
Proposition 1. Let n ∈ Zk>0. The following are equivalent:
(a) n is a lonely runner instance;
(b) there exists an m ∈ Zk≥0 such that n ∈K (m);
(c) P(n)∩Zk 6=∅;
(d) Z (n)∩ (Zk | n⊥) 6=∅.
Thus there are two basic ways to prove that a given n is a lonely runner instance. Namely, one can directly
construct an m ∈ Zk≥0 such that n ∈K (m)—equivalently, m ∈P(n)—, or one can indirectly prove that
P(n)∩Zk is nonempty. We will encounter examples for either of these approaches in the sequel.
3. SELECTED GEOMETRIC PROOFS
The geometric viewpoint outlined in the last section yields many presumably folklore results on classes
of lonely runner instances. In this section, we exemplify this in some selected settings and we provide new
information with Proposition 3 and Theorem 5 as well.
We start with the illustrative case of two non-stationary runners, that is, n ∈ Z2>0. Here, the lonely runner
polyhedron reduces to the infinite strip
P(n) =
{
x ∈ R2 : n1−2n2 ≤ 3n2 x1−3n1 x2 ≤ 2n1−n2
}
.
Since we may assume that gcd(n1,n2) = 1, we can invoke Be´zout’s Lemma and express every multiple of
three as 3n2 x1−3n1 x2, for some integers x1 and x2. The set {n1−2n2, . . . ,2n1−n2} contains 2n1−n2−
(n1−2n2)+1 = n1+n2+1≥ 3 elements, and thus always a multiple of three. Thus,P(n)∩Z2 6=∅.
The following is well known among experts and often used to foster case distinctions (see, e.g., [12,
Equation (1.2)]).
Proposition 2. Suppose n1 is the largest and nk the smallest coordinate of n ∈ Zk>0. Then, n1 ≤ k nk if and
only if 0 ∈P(n). In particular, if n1 ≤ k nk then n is a lonely runner instance.
Proof. In view of the inequalities in (4), 0∈P(n) if and only if ni−k n j ≤ 0≤ k ni−n j, for all 1≤ i< j≤ k.
This means that for each pair (i, j) we have ni ≤ k n j and n j ≤ k ni, one of which is redundant. Our choice of
the labeling of the coordinates of n implies that this is in fact equivalent to n1 ≤ k nk. 
Note that the supposedly extreme vector n = (1,2, . . . ,k) mentioned in the introduction satisfies the
condition of Proposition 2, and indeed, this vector lies on the boundary ofK (0).
It is reasonable to expect that a speed vector whose coordinates form a nonincreasing sequence should be
contained in a coneK (m) corresponding to a lattice point m∈Zk≥0 whose coordinates are also nonincreasing.
It turns out that this is in fact necessary.
Proposition 3. Suppose n1 ≥ ·· · ≥ nk. If m ∈P(n)∩Zk≥0, then m1 ≥ ·· · ≥ mk.
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Proof. Suppose m j+1 ≥ m j +1 for some 1 ≤ j ≤ k−1. Then the left hand side of the defining inequality
in (4) for the pair ( j, j+1) implies that
(m j(k+1)+ k)n j+1 ≥ (m j+1(k+1)+1)n j ≥ (m j(k+1)+ k)n j +2n j,
which contradicts the assumption n j ≥ n j+1, since m j ≥ 0. 
A likewise simple argument reveals that hard instances of the Lonely Runner Problem are those that
contain multiples of every sufficiently small integer. In the setting of chromatic numbers of distance graphs,
such a statement can be found in the work of Eggleton, Erdo˝s & Skilton [13] (cf. [2, Lem. 2]).
Proposition 4. If a ≤ k+ 1 is an integer such that n j = m j a+ r j with 0 < r j < a, for 1 ≤ j ≤ k, then
n ∈K (m). In particular, if there exists an integer ≤ k+1 that does not divide any of n1,n2, . . . ,nk, then n is
a lonely runner instance.
Proof. We need to show thatP(n)∩Zk 6=∅, which by (5) means that there exist λ ∈ [0,1] and µ1, . . . ,µk ∈
[ 1k+1 ,
k
k+1 ] such that for all 1≤ j ≤ k
λn j−µ j ∈ Z .
Let a≤ k+1 be an integer not dividing n1,n2, . . . ,nk. Then the fractional part {n ja } lies in [1a , a−1a ]⊆ [ 1k+1 , kk+1 ],
and so
λ =
1
a
and µ j =
{n j
a
}
will do the trick. With these choices, we have m j = λn j−µ j and thus m ∈P(n), that is, n ∈K (m). 
As a simple consequence of Proposition 4, for any m ∈ Zk≥0, we have 2m+1 ∈K (m), where 1 is the
all-ones vector. In particular, if all n j are odd, then n is a lonely runner instance. Not much more seems to be
known regarding the parities of the speeds. We generalize the observation just made and, under the given
assumptions, we provide an explicit lattice point m whose associated coneK (m) contains n.
Theorem 5. Suppose n1 ≥ n2 ≥ ·· · ≥ nk, let E := { j ∈ [k] : n j is even}, O := [k]\E, and
m j :=
{
n j
2 if j ∈ E,
n j−1
2 if j ∈ O.
If
max
{
n j : j ∈ O
} ≤ k−12 min{n j : j ∈ E} and max{n j : j ∈ E} ≤ k min{n j : j ∈ E} ,
then n ∈K (m). In particular, n is a lonely runner instance.
Proof. We claim that n satisfies (2). First, let i, j ∈ O. Then, by routine manipulations,
(k+1) n j−12 +1
(k+1) ni−12 + k
=
(k+1)n j− (k−1)
(k+1)ni+(k−1) ≤
n j
ni
≤ (k+1)n j +(k−1)
(k+1)ni− (k−1) =
(k+1) n j−12 + k
(k+1) ni−12 +1
hold unconditionally. Second, if i ∈ O and j ∈ E then the right inequality in
(k+1) n j2 +1
(k+1) ni−12 + k
=
(k+1)n j +2
(k+1)ni+ k−1 ≤
n j
ni
≤ (k+1)n j +2k
(k+1)ni− k+1 =
(k+1) n j2 + k
(k+1) ni−12 +1
holds without conditions, whereas the left inequality requires ni ≤ k−12 n j. Finally, if i, j ∈ E then
(k+1) n j2 +1
(k+1) ni2 + k
=
(k+1)n j +2
(k+1)ni+2k
≤ n j
ni
≤ (k+1)n j +2k
(k+1)ni+2
=
(k+1) n j2 + k
(k+1) ni2 +1
requires ni≤ k n j and n j≤ k ni. The first condition holds automatically and the second by our assumptions. 
Corollary 6. If all but possibly the largest of the n j are odd, then n is a lonely runner instance.
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4. PROJECTION ARGUMENTS
Throughout this part, we assume that n ∈ Zk>0 is such that n1 ≥ n2 ≥ ·· · ≥ nk. As we have seen in
Proposition 2, the speed vector n is a lonely runner instance when n1 ≤ k nk. In the following we show how
projections ofP(n) can be used to relax n1 ≤ k nk to conditions that are independent on the fastest runner.
Before we can formulate our result, we describe the polyhedra that arise as projections and cross sections
ofP(n) by coordinate subspaces.
For ` ∈ {1, . . . ,k}, let L` = lin{e1, . . . ,e`}, where ei is the ith coordinate unit vector. The orthogonal
projection ofP(n) along L` is given by
P(n) | L⊥` =
(
Rn− [ 1k+1 , kk+1]k) | L⊥` = R(n`+1, . . . ,nk)− [ 1k+1 , kk+1]{`+1,...,k}
=
{
(x`+1, . . . ,xk) : 1k+1 ni− kk+1 n j ≤ n j xi−ni x j ≤ kk+1 ni− 1k+1 n j for ` < i< j ≤ k
}
.
This projection contains the origin if and only if n`+1 ≤ k nk.
On the other hand, assuming that n`+1 ≤ k nk and using that the entries of n are ordered nonincreasingly,
P(n)∩L` =
{
x ∈ R` : 1k+1 ni− kk+1 n j ≤ n j xi−ni x j ≤ kk+1 ni− 1k+1 n j for 1≤ i< j ≤ `,
ni− k n j ≤ (k+1)n j xi ≤ k ni−n j for 1≤ i≤ ` < j ≤ k
}
=
{
x ∈ R` : 1k+1 ni− kk+1 n j ≤ n j xi−ni x j ≤ kk+1 ni− 1k+1 n j for 1≤ i< j ≤ `,(6)
ni− k nk ≤ (k+1)nk xi and (k+1)n`+1 xi ≤ k ni−n`+1 for 1≤ i≤ `
}
.
We are now set up to prove our result. Its second part says that the Lonely Runner Conjecture holds if
there is a block of slow runners (with speeds n3, . . . ,nk) and a block of fast runners (with speeds n1,n2) such
that the fast runners are at least k times faster than the slow runners.
Theorem 7. Let k ≥ 3, let n ∈ Zk>0 and assume n1 ≥ n2 ≥ ·· · ≥ nk.
(a) If n2 ≤ (k−2)nk, then n is a lonely runner instance.
(b) If n3 ≤ (k−2)nk and n2 ≥ k n3, then n is a lonely runner instance.
Proof. In both cases we aim to ensure the existence of a lattice point inP(n).
(a): Projecting along the first coordinate direction, we have seen above thatP(n) | e⊥1 contains the origin
if and only if n2 ≤ k nk. Therefore, under the assumption n2 ≤ (k− 2)nk, it suffices to show that the line
segmentP(n)∩Re1 contains an integral point. This holds since its length L is at least one. Indeed, in view
of (6)
L =
k
k+1
n1
n2
− 1
k+1
− 1
k+1
n1
nk
+
k
k+1
=
k n1 nk−n1 n2
(k+1)n2 nk
+
k−1
k+1
≥ k nk−n2
(k+1)nk
+
k−1
k+1
≥ 1.
(b): Now we project along the first two coordinates. Assuming that n3 ≤ (k− 2)nk, the projection
P(n) | L⊥2 contains the origin and the defining inequalities ofP(n)∩L2 may be labeled by
1
k+1
n1
nk
− k
k+1
≤ x1 ≤ kk+1
n1
n3
− 1
k+1
(7)
1
k+1
n2
nk
− k
k+1
≤ x2 ≤ kk+1
n2
n3
− 1
k+1
(8)
1
k+1
n1− kk+1 n2 ≤ n2 x1−n1 x2 ≤
k
k+1
n1− 1k+1 n2.(9)
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This defines a symmetric hexagon with shape and x2-coordinates of some of its vertices illustrated in Figure 1.
In order to find a lattice point inP(n)∩L2 we proceed in two steps.
`1
`2
1
k+1
n2
nk
− kk+1
k
k+1
n2
n3
− 1k+1
1
k+1
(
n2
nk
− 1
)
k
k+1
(
n2
n3
− 1
)
FIGURE 1. The hexagonP(n)∩L2 with x2-coordinates of some of its vertices.
First, under the assumption n2 ≥ k n3, the width of the horizontal strip that is bounded by the dashed lines
in Figure 1 is at least one. Indeed, assuming also that n3 ≤ (k−2)nk again, we have
k
k+1
n2
n3
− k
k+1
− 1
k+1
n2
nk
+
1
k+1
=
n2 (k nk−n3)− (k−1)n3 nk
(k+1)n3 nk
≥ 2n2 nk− (k−1)n3 nk
(k+1)n3 nk
≥ 1.
Hence, there exists a horizontal lattice-line that intersects this horizontal strip.
Secondly, we argue that in x1-direction the lines `1 and `2 are at least of distance one, implying the
existence of a lattice point on that very lattice-line. Said distance D can be computed in view of (9):
D =
k n1−n2−n1+ k n2
(k+1)n2
=
k−1
k+1
n1+n2
n2
≥ 2 k−1
k+1
≥ 1 ,
since k ≥ 3.
Hence,P(n)∩Zk 6=∅ if n3 ≤ (k−2)nk and n2 ≥ k n3, so that n is indeed a lonely runner instance. 
5. CROSS SECTION ARGUMENTS
A popular line of research is to establish the Lonely Runner Conjecture for speed vectors that are L-
lacunary for a small parameter L≥ 1. Here, a nonincreasing sequence s1 ≥ s2 ≥ ·· · ≥ sk > 0 is L-lacunary, if
s j
s j+1
≥ L for 1≤ i≤ k−1. Pandey [16] started such investigations and proved that if n ∈ Zk>0 is L-lacunary
with L= 2(k+1)k−1 , then n is a lonely runner instance. Barajas & Serra [2] improved this to L= 2; Dubickas [12]
achieved L = 1+ 33 log(k)k , for large enough k; and Czerwin´ski [10] improved slightly on Dubickas’ result
leaving roughly the k+124e slowest runners unconditioned.
1
An iterative argument based on suitable cross sections ofP(n) yields a proof for a moderate lacunarity of
L = 2kk−1 , but leaving the fastest runner unconditioned. Notice also that the condition on gcd(nk−1,nk) below
is weaker than the lacunarity condition nk−1nk ≥ 2kk−1 .
Theorem 8. Let n∈Zk>0 and assume n1 ≥ n2 ≥ ·· · ≥ nk. If n jn j+1 ≥ 2kk−1 for 2≤ j≤ k−2, and gcd(nk−1,nk)≤
k−1
k+1(nk−1−nk), then n is a lonely runner instance.
1Czerwin´ski claims k+18e , but his arguments seem to give only
k+1
24e .
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Proof. We recursively construct a sequence of integers tk, tk−1, . . . , t1 such that (t1, t2, . . . , tk) ∈P(n)∩Zk.
Denote the fractional part of x ∈ R by {x} := x−bxc. We can choose tk ∈ Z such that{
nk−1
nk
(
tk +
k
k+1
)
− k
k+1
}
≤ g
nk
where g := gcd(nk−1,nk). For example any tk ≤−1 works. Thus
tk−1 :=
⌊
nk−1
nk
(
tk +
k
k+1
)
− k
k+1
⌋
satisfies
nk−1
nk
(
tk +
k
k+1
)
− k
k+1
− g
nk
≤ tk−1 ≤ nk−1nk
(
tk +
k
k+1
)
− k
k+1
,
and our condition on g implies that
(10)
nk−1
nk
(
tk +
1
k+1
)
− 1
k+1
≤ tk−1 ≤ nk−1nk
(
tk +
k
k+1
)
− k
k+1
.
Now consider the polytope
P(n)∩
{
x ∈ Rk : xk = tk, xk−1 = tk−1
}
projected to Rk−2, which we call
Qk−2 :=
x ∈ Rk−2 :
ni−k n j
k+1 ≤ n j xi−ni x j ≤
k ni−n j
k+1 for 1≤ i< j ≤ k−2
ni
nk
(
tk + 1k+1
)− kk+1 ≤ xi ≤ nink (tk + kk+1)− 1k+1 for 1≤ i≤ k−2
ni
nk−1
(
tk−1+ 1k+1
)− kk+1 ≤ xi ≤ nink−1 (tk−1+ kk+1)− 1k+1 for 1≤ i≤ k−2
 .
By (10),
ni
nk
(
tk +
1
k+1
)
− k
k+1
≤ ni
nk−1
(
tk−1+
1
k+1
)
− k
k+1
and
ni
nk−1
(
tk−1+
k
k+1
)
− 1
k+1
≤ ni
nk
(
tk +
k
k+1
)
− 1
k+1
for 1≤ i≤ k−2, and so we can simplify
Qk−2 =
{
x ∈ Rk−2 :
ni−k n j
k+1 ≤ n j xi−ni x j ≤
k ni−n j
k+1 for 1≤ i< j ≤ k−2
ni
nk−1
(
tk−1+ 1k+1
)− kk+1 ≤ xi ≤ nink−1 (tk−1+ kk+1)− 1k+1 for 1≤ i≤ k−2
}
and revise our goal to prove thatQk−2∩Zk−2 6=∅.
By our assumption that nk−2nk−1 ≥ 2kk−1 , there exists an integer tk−2 that satisfies
nk−2
nk−1
(
tk−1+
1
k+1
)
− 1
k+1
≤ tk−2 ≤ nk−2nk−1
(
tk−1+
k
k+1
)
− k
k+1
,
since this interval is of length at least one. So, we can repeat the construction to obtain polytopes
Qk−3,Qk−4, . . . ,Q1 =
{
x1 ∈ R : n1− k n2k+1 ≤ n2 x1−n1 t2 ≤
k n1−n2
k+1
}
.
The latter is an interval with length k−1k+1(n1+n2)≥ 1 and thus contains an integer t1. 
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6. MUSINGS
The coordinates of an integral point m ∈P(n)∩Zk≥0 have the following meaning: There is a time at
which all runners are at least 1k+1 away from the starting point and the ith runner (with speed ni) is in her
(mi+1)st round on the track. It is well known that for k = 2, it happens during the first round of the slower
runner that the distance of both runners from the start is at least 13 . Thus, the cones K (m) for m ∈ Z2≥0
with m1 m2 = 0 already cover the whole nonnegative orthant R2≥0. Another setting where this phenomenon
occurs is when the slowest runner runs with speed 1. Indeed, a result of Czerwin´ski & Grytczuk [11] says
that the maximal distance from the starting point that all runners achieve simultaneously is attained at a time
t = ani+n j , for some 1 ≤ i < j ≤ k and a ∈ {1, . . . ,ni + n j− 1}, hence during the first round of the slowest
runner. Aside from these particular cases, we do not know what happens in general.
Question 9. Assume that the Lonely Runner Conjecture holds in dimension k, that is, Rk≥0 =
⋃
m∈Zk≥0K (m).
Is it true that Rk≥0 is covered by the cones K (m), where m ∈ Zk≥0 runs over the integer points such that
mi ≤ ck, for some 1≤ i≤ k and some constant ck only depending on k? Can ck be chosen to be 0?
During our studies of the lonely runner polyhedronP(n) the following conjecture emerged. It claims
that not onlyP(n) but each of its translates contains a lattice point, provided that the speeds listed in n are
pairwise distinct. If it could be shown to be equivalent to the Lonely Runner Conjecture, it would mean that
the assumption that the runners all start at the same place is unnecessary. This in fact was recently conjectured
by Jo¨rg M. Wills (personal communication). The geometric argument for two runners at the beginning of
Section 3 shows that the claim holds for k = 2.
Conjecture 10. Let n ∈ Zk>0 be such that ni 6= n j, for every i 6= j. Then, for every translation vector t ∈ Rk,
we have (P(n)+ t)∩Zk 6=∅.
In view of the equivalences in Proposition 1 the validity of this conjecture would also mean that the
translates of the zonotope Z (n) by vectors of the projected lattice Zk | n⊥ cover the hyperplane n⊥. In other
words, the covering radius (see, e.g., [14, Ch. 23]) of Z (n) with respect to Zk | n⊥ is bounded above by
one. Note that the assumption that the speeds ni are pairwise distinct is crucial. In fact, the statement of
Conjecture 10 is not valid for n= (1,1,1), for instance.
If we relax both assumptions, that is, we allow the runners to start at different places and have equal
speeds, then the problem does change. Even more, the resulting question has been answered already in 1976
in work by Schoenberg [18]. He proved that in this setting we need to change the gap of loneliness from 1k+1
to the smaller value 12k , and that this is tight. Of course this implies the Lonely Runner Conjecture for the
same bound 12k , which had been shown much earlier by Wills [20]. It seems that it has not been noticed that
Wills’ application of the union bound, in turn, also gives a slick proof of Schoenberg’s result.
Theorem 11 (Schoenberg 1976). Given positive integers n1,n2, . . . ,nk and reals s1,s2, . . . ,sk, there exists
a real number t such that for all 1 ≤ j ≤ k the distance of s j + t n j to the nearest integer is at least 12k .
Furthermore, this bound cannot be improved for ni = 1 and si = i−1k , for 1≤ i≤ k.
Proof. Let λ ∈ [0, 12 ]. The distance of s j + t n j to the nearest integer is at least λ if and only if s j + t n j ∈
Z+[λ ,1−λ ]. By the periodicity of the problem it suffices to look at t ∈ [0,1]. Define
I j := [s j,s j +n j]∩ (Z+[λ ,1−λ ])− s j ,
which is a union of closed intervals. The crucial observation is that the total length of I j is independent of s j.
Indeed, ∣∣I j∣∣ = ∣∣[s j,s j +n j]∩ (Z+[λ ,1−λ ])∣∣ = ∣∣[0,n j]∩ (Z+[λ ,1−λ ])∣∣ = n j (1−2λ ) ,
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because the n j are integral. Now, the union bound in elementary probability theory implies that
P
(
k⋃
j=1
{
t ∈ [0,1] : t n j /∈ I j
}) ≤ k∑
j=1
P(t ∈ [0,1] : t n j /∈ I j) =
k
∑
j=1
(
1−
∣∣I j∣∣
n j
)
= 2kλ .
Hence, there is a desired real number t ∈ [0,1] whenever λ < 12k . By the compactness of the I j this is also
true for λ = 12k . 
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